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ISOMORPHISMS BETWEEN CYLINDERS OVER DANIELEWSKI
SURFACES
LUCY MOSER-JAUSLIN AND PIERRE-MARIE POLONI
Abstract. A special Danielewski surface is an affine surface which is the
total space of a principal (C,+)-bundle over an affine line with a multiple
origin. Using a fiber product trick introduced by Danielewski, it is known
that cylinders over two such surfaces are always isomorphic provided that
both bases have the same number of origins. The goal of this note is to
give an explicit method to find isomorphisms between cylinders over special
Danielewski surfaces. The method is based on the construction of appropriate
locally nilpotent derivations.
1. Introduction
In 1989, Danielewski exhibited a family of pairwise non-isomorphic complex
affine rational surfaces Yn, n ≥ 1, such that the cylinders Yn×A
1 are all isomorphic.
The surface Yn is defined to be the hypersurface in A
3 defined by xny = z2 − 1
for every positive integer n. Since this result, several authors have generalized
Danielewski’s construction and have introduced the notion of Danielewski surfaces.
These are certain affine surfaces which can be realized as the total space of an
A1-fibration over the affine line. Special Danielewski surfaces have the stronger
property of being the total space of a principal (C,+)-bundle over an affine line
with a multiple origin. They were introduced in [DP09] and are those Danielewski
surfaces for which Danielewski’s original argument can be used to find isomorphic
cylinders. However, the proof of these isomorphisms is not constructive.
The main result of this article is to give a method to find explicit isomorphisms
of these cylinders. More precisely, the theorem 4.0.1 produces, for every special
Danielewski surface, an isomorphism between the cylinder over this surface and
the cylinder over a classical Danielewski surface defined by an equation of the form
xy = P (z) in A3. This involves the construction of an appropriate (C,+)-action on
the cylinder of one surface whose quotient gives the other Danielewski surface.
As a corollary, one gets explicit embeddings of all special Danielewski surfaces
as complete intersections in A4.
The paper is organized as follows.
In the section two, we recall the construction of Danielewski surfaces and some
of their important properties, due to Fieseler and Dubouloz. Then in the following
section we introduce three particular families of special Danielewski surfaces which
are later used as examples for the main result in section 4. Two of these families
are constructed as hypersurfaces, whereas for the last family, we do not know
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ISITE-BFC (contract ANR-lS-IDEX-OOOB). The second author acknowledges support by the
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if they are realizable as hypersurfaces or not. In section four, we establish the
theorem 4.0.1, which shows how to construct an isomorphism between the cylinders
of any two special Danielewski surfaces. Finally, in section 5, we apply this result
to the families of surfaces described in section 3. In particular, we obtain in the
proposition 5.2.1 a very simple explicit isomorphism between the cylinders of any
two classical Danielewski surfaces whose respective equations are of the form xny =
P (z) and xmy = Q(z).
Acknowledgments. Part of this work was done during the first joint meeting
Brazil-France in Mathematics. The second-named author gratefully acknowledges
financial support from the Re´seau Franco-Bre´silien de Mathe´matiques (RFBM).
2. Danielewski surfaces after Danielewski, Fieseler and Dubouloz
In this section, we introduce some notations and summarize basic facts about
Danielewski surfaces due to Fieseler [Fie94] and Dubouloz [Dub05] (see also [DP09]).
2.1. Construction of Danielewski surfaces.
Definition 2.1.1. A Danielewski surface is a smooth complex affine surface S
equipped with an A1-fibration π : S → A1 = Spec(C[x]) that restricts to a trivial
A
1-bundle over A1∗ = Spec(C[x, x
−1]) such that the exceptional fiber π−1(0) is
reduced and consists of a disjoint union
π−1(0) =
d∐
i=1
ℓi
of d ≥ 2 curves, ℓ1, . . . , ℓd, all isomorphic to the affine line.
For every 1 ≤ i ≤ d, we denote by Ui ⊂ S the open subvariety of S defined by
Ui = S r
∐
j 6=i
ℓj ⊂ S.
Since every Ui is isomorphic to the affine plane A
2, every Danielewski surface can
be constructed by gluing together d ≥ 2 copies of A2 along A1∗×A
1. More precisely,
every Danielewski surface is isomorphic to a variety S(d,σ) defined as follows.
Definition 2.1.2. Let d ≥ 2 be an integer and let
σ =
(
(n1, σ1(x)), . . . , (nd, σd(x))
)
∈ (Z>0 × C[x])
d
be a sequence such that the polynomials σi are distinct and satisfy that deg(σi(x)) <
ni for all 1 ≤ i ≤ d. We denote by S(d,σ) the surface obtained by gluing together
d copies Ui = Spec(C[x, ui]) of A
2 along the open subsets
U∗i = Spec(C[x, x
−1, ui]) ≃ C
∗ × C
via the transition functions
U∗i → U
∗
j
(x, ui) 7→ (x, x
ni−njui +
σi(x)− σj(x)
xnj
).
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By [Fie94, Proposition 1.4], every such surface S = S(d,σ) is affine. Moreover,
the inclusion C[x] →֒ C[S] defines an A1-fibration π : S → A1 such that π−1(A1∗) ≃
A1∗ × A
1 and such that the unique special fiber π−1(0) consists of a disjoint union
of d reduced copies of A1. This shows that S(d,σ) is indeed a Danielewski surface.
By construction, every Danielewski surface S = S(d,σ) is canonically equipped
with a regular function u ∈ C[S] whose restrictions to each of the open subsets Ui
are given by
u|Ui = x
niui + σi(x) ∈ C[x, ui].
Note that u restricts to a coordinate function on every general fiber of π = prx : S →
A1, but not on the exceptional fiber π−1(0).
2.2. Additive group actions and isomorphic cylinders. Every Danielewski
surface S = S(d,σ) is canonically equipped with a regular (C,+)-action δ : C×S →
S defined on each chart Ui by
δ(λ, (x, ui)) = (x, ui + λx
n−ni),
where n = max{ni | 1 ≤ i ≤ d}. Algebraically, the action δ corresponds to
the locally nilpotent derivation D ∈ LND(C[S]) that is defined by D(x) = 0 and
D(ui) = x
n−ni . Note that D(u) = xn.
An important property of Danielewski surfaces is the fact that the map π =
prx : S → A
1 factors through a locally trivial fiber bundle S → Z(d) over the affine
line Z(d) with a d-fold origin, where the preimages of the d origins are the d affine
lines ℓi. In the case when the (C,+)-action δ is free, we have moreover that S is
the total space of a (C,+)-principal bundle over Z(d). Recall (see [DP09, Section
2.10]) that δ is free if and only if all ni are equal to each other, i.e. if and only if
ni = n for all 1 ≤ i ≤ d. The latter condition is equivalent to the fact that the
canonical class of S is trivial. These Danielewski surfaces were called special in
[DP09].
Danielewski’s fiber product trick goes then as follows. Take two Danielewski
surfaces, say S and S′, that are (C,+)-principal bundles over the same Z(d) and
consider their fiber product S×Z(d)S
′. Since every (C,+)-principal bundle over an
affine base is trivial, we get at once that
S × A1 ≃ S ×Z(d) S
′ ≃ S′ × A1,
hence that the cylinders over S and S′ are isomorphic to each other.
3. Examples of special Danielewski surfaces
3.1. Classical Danielewski surfaces. These surfaces are the ones originally con-
sidered by Danielewski. They are defined as the hypersurfaces Wn,P in A
3 of
equation
Wn,P : x
ny = P (z),
where n ≥ 1 is a positive integer and where P (z) =
∏d
i=1(z − ri) ∈ C[z] is a
polynomial with d ≥ 2 simple roots.
Together with the restriction of the first projection π = prx : Wn,P → A
1, every
such surface defines a Danielewski surface. The special fiber π−1(0) is the union of
the lines ℓ1, . . . , ℓd given by
A
1 ≃ ℓi = {(0, y, ri) | y ∈ C} ⊂Wn,P .
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Every open set Ui = Wn,P r
∐
j 6=i ℓj is isomorphic to A
2 and we have the
isomorphisms
ϕi : Ui
∼
−→ A2, (x, y, z) 7→ (x, ui), where ui =
z − ri
xn
=
y∏
j 6=i(z − rj)
∈ C[Ui].
3.2. Danielewski hypersurfaces. The hypersurfaces in A3 that are defined by
an equation of the form
Hn,Q : x
ny = Q(x, z),
where n ≥ 1 and where Q(x, z) ∈ C[x, z] is such that deg(Q(0, z)) ≥ 2 are called
Danielewski hypersurfaces. If moreover the polynomial Q(0, z) ∈ C[z] has d ≥ 2
simple roots, say r1, . . . , rd, then π = prx : Hn,Q → A
1 defines a Danielewski surface.
Its special fiber is the union of the lines ℓ1, . . . , ℓd given by
A
1 ≃ ℓi = {(0, y, ri) | y ∈ C} ⊂ Hn,Q.
Furthermore, there exist unique polynomials σ1(x), . . . , σd(x) ∈ C[x] of degree
strictly smaller than n such that σi(0) = ri and such that the congruences
Q(x, σi(x)) ≡ 0 mod (x
n)
hold for all 1 ≤ i ≤ d. Then, every open set Ui = Hn,Q r
∐
j 6=i ℓj is isomorphic to
A2 and we have the isomorphisms
ϕi : Ui
∼
−→ A2, (x, y, z) 7→ (x, ui), where ui =
z − σi(x)
xn
.
(See [DP09] for the details.)
3.3. Iterated Danielewski hypersurfaces. Introduced by Alhajjar [Alh15], it-
erated Danielewski hypersurfaces are the hypersurfaces in A3 that are defined by
an equation of the form
Hn,Q,m,R : x
mz = R(x, xny −Q(x, z)),
where n,m ≥ 1 and whereQ(x, t), R(x, t) ∈ C[x, t]. If the polynomial R(0,−Q(0, t))
in C[t] has only d ≥ 2 simple roots, then Hn,Q,m,R is a Danielewski surface.
We discuss now a specific example in details. Consider the surface H ⊂ A3
defined by
H : {xz = (xy + z2)2 − 1}.
The special fiber of π = prx : H → A
1 consists of the four lines ℓ1, . . . , ℓ4 given by
ℓi = {(0, y, ε
i) | y ∈ C},
where ε = i denotes a primitive fourth root of the unity.
Letting u = xy + z2 and σi(x) = ε
2i + ε
−i
2 x for all 1 ≤ i ≤ 4, it follows that the
open set Ui = H r
∐
j 6=i ℓj is isomorphic to A
2 and one claims that the map
ϕi : Ui
∼
−→ A2, (x, y, z) 7→ (x, ui), where ui =
u− σi(x)
x2
is an isomorphism.
Proof. First, we remark that the rational functions
αi =
u− ε2i
x
=
z
u+ ε2i
and βi =
z − εi
x
=
z − xy2 − 2yz2∏
j∈{1,...,4}r{i}(z − ε
j)
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are regular on Ui. It follows that ui is also an element of C[Ui], since one easily
checks that
βi − (αi)
2
= 2ε2iui.
Finally, the fact that ϕi is an isomorphism follows from the following identities in
C[Ui].
αi = xui +
ε−i
2
βi = 2ε
2iui + (αi)
2
z = εi + xβi
y =
u− z2
x
=
u− (εi + xβi)
2
x
= αi − 2ε
iβi − x(βi)
2.

3.4. Double Danielewski surfaces. In [GS19], Gupta and Sen studied some sur-
faces defined by two equations in A4 of the form
S : {xny = Q(x, z) and xmt = R(x, z, y)},
where n,m ≥ 1 and where Q(x, z) ∈ C[x, z] and R(x, z, y) ∈ C[x, z, y]. They call
them double Danielewski surfaces. Indeed, if Q(0, z) ∈ C[z] has d ≥ 2 simple roots,
say r1, . . . , rd, and if every polynomial R(0, ri, y) ∈ C[y] also has only simple roots,
then S is a Danielewski surface together with the first projection prx : S → A
1.
Let us study here a specific example in details, namely the surface D ⊂ A4
defined by
D : {xy = z2 − 1 and xt = y2 − 1}.
It is a Danielewski surface, its special fiber pr−1x (0) consisting of the four lines given
by {(0,±1,±1, t) | t ∈ C} ⊂ D. Let us introduce the following notation. For every
pair (i, j) ∈ {−1, 1} × {−1, 1}, we let
ℓij = {(0, i, j, t) | t ∈ C}
and
σij(x) = j +
ij
2
x.
Then, every open set Uij = Dr
∐
(i′,j′) 6=(i,j) ℓi′j′ is isomorphic to A
2 and one claims
that the map
ϕij : Uij
∼
−→ A2, (x, y, z, t) 7→ (x, uij) where uij =
z − σij(x)
x2
is an isomorphism.
Proof. First, remark that αj =
z−j
x
= y
z+j and βi =
y−i
x
= t
y+i are regular functions
on Uij . Hence, it is straightforward to check that uij is a regular function on Uij ,
since
βi − (αj)
2
= 2juij.
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The fact that ϕij is an isomorphism follows from the following identities in C[Uij ].
αj = xuij +
ij
2
βi = 2juij + (αj)
2
z = j + xαj
y = i + xβi
t = (y + i)βi.

4. Isomorphisms between cylinders
In this section, we fix an integer d ≥ 2 and denote by Z(d) the affine line with d
origins. Let P (z) =
∏d
i=1(z−ri) ∈ C[z] be a polynomial with simple roots. We will
explain how to construct, given a special Danielewski surface S which is a principal
bundle over Z(d), an isomorphism between its cylinder S × A1 and the cylinder
W × A1 over the classical Danielewski surface
W = W1,P : {xy = P (z) =
d∏
i=1
(z − ri)} in A
3.
Recall that a special Danielewski surface S is constructed from a data set con-
sisting of a positive integer n ≥ 1 and of distinct polynomial σ1(x), . . . , σd(x) ∈ C[x]
of degree strictly smaller than n. More precisely, S is obtained by gluing d copies,
U1, . . . ,Ud, of A
2 = Spec(C[x, ui]) along A
1
∗×A
1 by means of the transition functions
(x, ui) 7→ (x, ui +
σi(x) − σj(x)
xn
).
We also recall that the inclusion C[x] →֒ S defines an A1-fibration π : S → A1 with
a unique special fiber π−1(0) =
∐d
i=1 ℓi consisting of d disjoint reduced copies of
A
1, and that we can define, by considering the regular function u ∈ C[S] whose
restrictions on the open sets Ui are given by
u|Ui = x
nui + σi(x) ∈ C[x, ui],
the canonical locally nilpotent derivation D ∈ LND(C[S]) by setting D(x) = 0 and
D(u) = xn.
Following Danielewski’s original argument, we consider the fiber product S×Z(d)
W , which we denote by V . We will use the following notations. We identify the ring
of regular functions on W with its canonical image in the ring of regular functions
on V and write
C[W ] = C[x, y, z] ⊂ C[V ], where xy = P (z).
Similarly, we identify C[S] as a subring of C[V ]. Then, V can be naturally
seen as being obtained by gluing d copies Vi = Spec[x, ui, zi] of A
3 where zi =
(z − ri)/x. The open subvarieties Vi are glued together along A
1
∗ × A
2 via the
transition functions
(x, ui, zi) 7→ (x, ui +
σi(x)− σj(x)
xn
, zi +
ri − rj
x
).
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In particular, we have that the regular functions u ∈ C[S] ⊂ C[V ] and z ∈ C[W ] ⊂
C[V ] satisfy that
u|Vi = x
nui + σi(x) ∈ C[Vi] = C[x, ui, zi]
and
z|Vi = xzi + ri ∈ C[Vi] = C[x, ui, zi]
for all 1 ≤ i ≤ d.
Plan of the construction. Our construction of an isomorphism between S×A1
and W × A1 consists of three steps. We first find a regular function α ∈ C[V ] on
the fiber product V = S ×Z(d) W such that
C[V ] = C[S][α] ≃ C[S × A1].
We then use this equality to extend the canonical derivation on C[S] to a locally
nilpotent derivation D˜ on C[V ] in such a way that
Ker(D˜) = C[x, y, z] = C[W ] ⊂ C[V ].
Finally, in the last step, we construct an element s ∈ C[V ] which is a slice for D˜.
This gives
C[S × A1] ≃ C[S][α] = C[V ] = Ker[D˜][s] = C[W ][s] ≃ C[W × A1]
hence the desired isomorphism between S × A1 and W × A1.
Step 1. Since ℓ1, . . . , ℓd are disjoint closed subvarieties of the affine variety S,
there exists a regular function f ∈ C[S] such that
(⋆) f |ℓi = ri for all 1 ≤ i ≤ d.
In other words, we can choose a function f ∈ C[V ] such that
f |Vi = ri + xf˜i for all 1 ≤ i ≤ d,
where f˜i is some element in C[x, ui] ⊂ C[Vi]. Therefore, the rational function
α =
z − f
x
is in fact a regular function on V , since
(z − f)|Vi = xzi + ri − ri − xf˜i = x(zi − f˜i)
is divisible by x for all i.
It is then straightforward to check that z = f + xα and y = x−1P (f + xα) are
both elements of C[S][α], hence
C[V ] = C[S][α].
Step 2. Note that the image D(f) ∈ C[S] of f under the derivation D is
divisible by x. Therefore, we can extend D to a locally nilpotent derivation D˜ on
C[V ] = C[S][α] by letting
D˜(α) = −
D(f)
x
.
With this choice, we then have that D˜(z) = D˜(f + xα) = 0 and that D˜(y) =
D˜(P (z)
x
) = 0.
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Step 3. To find a slice s for D˜, it suffices to take a polynomial g(x, t) ∈ C[x, t]
such that the congruences
(⋆⋆) g(x, ri + xt) ≡ σi(x) mod (x
n)
hold in C[x, t] for all 1 ≤ i ≤ d, and to define
s =
u− g(x, z)
xn
.
Indeed, since every restriction
(u− g(x, z))|Vi = x
nui + σi(x) − g(x, ri + xzi)
is divisible by xn in C[Vi], it follows that s is a regular function on V . Moreover, it
is clear that D˜(s) = 1.
In order to construct a suitable polynomial g(x, t), one can proceed as follows.
If we denote
σi(x) =
n−1∑
j=0
aijx
j with aij ∈ C,
then we can define
g(x, t) =
n−1∑
j=0
gj(t)x
j ,
where the gj(t) ∈ C[t] are Hermite interpolation polynomials such that
gj(ri) = aij and g
(k)
j (ri) = 0
for all 1 ≤ i ≤ d and all 0 ≤ j ≤ n− 1, 1 ≤ k ≤ n− 1− j.
The isomorphism. Finally, the above three steps have produced the desired
isomorphism. We have therefore proven the following result.
Theorem 4.0.1. Let S be a special Danielewski surface over Z(d), and let W be
the hypersurface defined by the equation XY = P (Z), where P is a polynomial of
degree d whose roots are all simple. Suppose f and g are chosen to satisfy (⋆) and
(⋆⋆) above. Then the map
Φ: C[W×A1] = C[X,Y, Z,W ]/(XY −P (Z)) = C[x, y, z, w]
∼
−→ C[S×A1] = C[S][α]
defined by
Φ(x) = x
Φ(z) = f + xα
Φ(y) =
P (f + xα)
x
Φ(w) =
u− g(x, f + xα)
xn
is an isomorphism.
Corollary 4.0.1. Keeping the same notation as in the previous theorem, it follows
that the special Danielewski surface S is isomorphic to the surface defined by the
equations
xy = P (z) and Φ−1(α) = λ
in A4, where λ ∈ C is any constant.
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5. Some explicit examples
5.1. Russell’s isomorphism.
In [SY02], the authors give an explicit isomorphism, which is due to Russell,
between the cylinders over the Danielewski surfaces of respective equations xy =
z2 − 1 and x2y = z2 − 1. See also Theorem 10.1 in [Fre17]. With our method, we
can recover this isomorphism easily.
In this section we will show how to apply the method of the previous section to
treat a slightly more general case, and, in the end of the section, we will specialize
to the case of the Russell isomorphism. We shall use the following notations. We
denote by P (z) =
∏d
i=1(z − ri) ∈ C[z] a polynomial with d ≥ 2 simple roots and
by Wn,P the hypersurface in A
3 defined by the equation xny = P (z), where n ≥ 1
is a positive integer. Moreover, we let
C[Wn,P ] = C[X,Y, Z]/(X
nY − P (Z)) = C[xn, yn, zn]
and
C[Wn,P × A
1] = C[X,Y, Z,W ]/(XnY − P (Z)) = C[xn, yn, zn, wn],
where (xn)
nyn = P (zn).
Accordingly with the previous section, we now proceed to construct an isomor-
phism between C[W1,P × A
1] and C[W2,P × A
1].
First, note that the regular function f = z2 ∈ C[W2,P ] is equal to ri on every
point of the line {x = 0, z = ri} ⊂ W2,P . Also, in this case, u = z2 ∈ C[W2,P ] re-
stricts to a coordinate function on every general fiber of the projection prx : W2,P →
C.
Secondly, since P has only simple roots, there exist two polynomials U, V ∈ C[z]
such that U(z)P ′(z) + V (z)P (z) = 1 in C[z]. Then, the polynomial
g(z) = z − P (z)U(z) ∈ C[z]
satisfies that
g(ri) = ri
and
g′(ri) = 1− P
′(ri)U(ri)− P (ri)U
′(ri) = 0
for all 1 ≤ i ≤ d. With these choices for f , u and g, we get the isomorphism
Φ: C[W1,P × A
1] = C[x1, y1, z1, w1]
∼
−→ C[W2,P × A
1] = C[x2, y2, z2, w2]
defined by
Φ(x1) = x2
Φ(z1) = z2 + x2w2
Φ(y1) =
P (z2 + x2w2)
x2
Φ(w1) =
z2 − g(z2 + x2w2)
x22
,
whose inverse isomorphism
Ψ: C[W2,P × A
1] = C[x2, y2, z2, w2]
∼
−→ C[W1,P × A
1] = C[x1, y1, z1, w1]
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is defined by
Ψ(x2) = x1
Ψ(z2) = x
2
1w1 + g(z1)
Ψ(y2) =
P (x21w1 + g(z1))
x21
Ψ(w2) =
z1 − (x
2
1w1 + g(z1))
x1
.
In the special case where P (z) = z2 − 1, we have g(z) = z − (z2 − 1)
z
2
and we
thus obtain the inverse isomorphisms
Φ∗ : {x
2y = z2 − 1} × A1 → {xy = z2 − 1} × A1
and
Ψ∗ : {xy = z
2 − 1} × A1 → {x2y = z2 − 1} × A1
defined by
Φ∗(x, y, z, w) =
(
x,
P (z + xw)
x
, z + xw,
z − g(z + xw)
x2
)
=
(
x,
(z + xw)2 − 1
x
, z + xw,
z − (z + xw) + 12 (z + xw)((z + xw)
2 − 1)
x2
)
=
(
x,
z2 − 1
x
+ 2zw + xw2, z + xw,
1
2 (z + xw)(z
2 − 1 + x2w2) + xw(z2 − 1) + x2w2z
x2
)
=
(
x, xy + 2zw + xw2, z + xw,
1
2
(z + xw)(y + w2) + xyw + w2z
)
=
(
x, xy + 2zw + xw2, z + xw,
1
2
(yz + 3zw2 + 3xyw + xw3)
)
and
Ψ∗(x, y, z, w) =
(
x,
P (x2w + g(z))
x2
, x2w + g(z),
z − x2w − g(z)
x
)
=
(
x,
x4w2 + 2x2wg(z) + (z2 − 1)2(14z
2 − 1)
x2
, x2w + g(z),
− xw +
1
2
·
z(z2 − 1)
x
)
=
(
x, x2w2 + 2wg(z) + y2(
1
4
z2 − 1), x2w + g(z),−xw +
1
2
zy
)
.
5.2. Classical Danielewski surfaces. In light of the previous example, we obtain
simple explicit isomorphisms between the cylinders over two classical Danielewski
surfaces.
Proposition 5.2.1. Let d, n,m ≥ 1 be positive integers and let P (z) =
∏d
i=1(z−ai)
and Q(z) =
∏d
i=1(z − bi) be polynomials in C[z] with simple roots. Recall that
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Wn,P and Wm,Q denote the hypersurfaces in A
3 = Spec(C[x, y, z]) that are defined
respectively by the equation
Wn,P : x
ny = P (z)
and
Wm,Q : x
my = Q(z).
Let f, g ∈ C[z] be two Hermite interpolating polynomials such that
f(bi) = ai and f
(k)(bi) = 0 for all 1 ≤ i ≤ d, 1 ≤ k ≤ n− 1
and
g(ai) = bi and g
(k)(ai) = 0 for all 1 ≤ i ≤ d, 1 ≤ k ≤ m− 1.
Then, the maps
ϕ : Wn,P × A
1 →Wm,Q × A
1
(x, y, z, w) 7→ (x,
Q(g(z) + xmw)
xm
, g(z) + xmw,
z − f(g(z) + xmw)
xn
)
and
ψ : Wm,Q × A
1 →Wn,P × A
1
(x, y, z, w) 7→ (x,
P (f(z) + xnw)
xn
, f(z) + xnw,
z − g(f(z) + xnw)
xm
)
are regular and define inverse isomorphisms between the cylinders Wn,P × A
1 and
Wm,Q × A
1.
Proof. On the one hand, we have that
(P ◦ f)(bi) = (P ◦ f)
′(bi) = · · · = (P ◦ f)
(n−1)(bi) = 0 for all i.
This shows that P (f(z)) is divisible by (Q(z))n, hence that P (f(z))/xn is a regular
function on Wm,Q. Similarly, Q(g(z))/x
m is a regular function on Wn,P .
On the other hand, we have that
z − g(f(z) + xnw) = z − g(f(z))−
∞∑
k=1
(xnw)k
k!
g(k)(f(z))
is an element of the ideal (Q(z), xm)C[x, z, w]. Therefore, x−m(z − g(f(z) + xnw))
is a regular function on Wm,Q × A
1 = Spec(C[x, y, z, w]/(xmy −Q(z))). Similarly,
x−n(z − f(g(z) + xmw)) is a regular function on Wn,P × A
1.
Thus, ϕ and ψ are regular maps. It is moreover straightforward to check that
they are inverse of each other. 
5.3. An iterated Danielewski hypersurface. Let us look again at the iterated
Danielewski hypersurface H = {xz = (xy + z2)2 − 1} in A3 that we studied at
Section 3.3. Recall that the special fiber consists of the four lines
ℓi = {(0, y, ε
i) | y ∈ C}, 1 ≤ i ≤ 4,
where ε = i ∈ C denotes a primitive fourth root of the unity, and that the surface
H corresponds to the data n = 2 and σi(x) = ε
2i + ε
−i
2 x for all 1 ≤ i ≤ 4.
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We give now an isomorphism from H × A1 to {xy = z4 − 1} × A1. Keeping the
notations of Section 4, we obtain the isomorphism
{xz = (xy + z2)2 − 1} × A1 → {xy = z4 − 1} × A1
(x, y, z, w) 7→ (x,
(f + xw)4 − 1
x
, f + xw,
u− g(x, f + xw)
x2
),
where
ri = ε
i
f = z
u = xy + z2
g(x, z) = z2 −
1
2
z2(z4 − 1) + x
1
2
z3.
5.4. A double Danielewski surface. We consider again the double Danielewski
surface
D = {xy = z2 − 1 and xt = y2 − 1} in A4
that we described at Section 3.4. Recall that the special fiber consists of the four
lines
ℓij = {(0, i, j, t) | t ∈ C}}
and that the surface D corresponds to the data n = 2 and σij(x) = j +
ij
2 x, where
(i, j) ∈ {1,−1} × {1,−1}.
Following the notations of Section 4, we denote by ε = i ∈ C a primitive fourth
root of unity and define
f =
z + y
2
+ ε
y − z
2
u = z
g(x, z) =
1− ε
2
z3 +
1 + ε
2
z − (z4 − 1)
z
4
(3
1− ε
2
z2 +
1 + ε
2
) + x
1
2
z2.
Then, we have that
f |ℓ11 = 1, g(x, 1) = σ11(x)
f |ℓ1−1 = ε, g(x, ε) = σ1−1(x)
f |ℓ−11 = −ε, g(x,−ε) = σ−11(x)
f |ℓ−1−1 = −1, g(x,−1) = σ−1−1(x)
and
∂g
∂z
(x, εi) ≡ 0 mod (x)
for all 1 ≤ i ≤ 4. This produces the isomorphism
D × A1 → {xy = z4 − 1} × A1
(x, y, z, t, w) 7→ (x,
(f + xw)4 − 1
x
, f + xw,
u− g(x, f + xw)
x2
).
ISOMORPHISMS BETWEEN CYLINDERS OVER DANIELEWSKI SURFACES 13
References
[Alh15] Bachar Alhajjar, Locally Nilpotent Derivations of Integral Domains, Ph.D. Thesis, Uni-
versite´ de Bourgogne, 2015.
[Dan89] W. Danielewski, On the cancellation problem and automorphism groups of affine alge-
braic varieties (1989), preprint.
[Dub05] Adrien Dubouloz, Danielewski-Fieseler surfaces, Transform. Groups 10 (2005), no. 2,
139–162.
[DP09] Adrien Dubouloz and Pierre-Marie Poloni, On a class of Danielewski surfaces in affine
3-space, J. Algebra 321 (2009), no. 7, 1797–1812.
[Fie94] Karl-Heinz Fieseler, On complex affine surfaces with C+-action, Comment. Math. Helv.
69 (1994), no. 1, 5–27.
[Fre17] Gene Freudenburg, Algebraic theory of locally nilpotent derivations, 2nd ed., Encyclopae-
dia of Mathematical Sciences, vol. 136, Springer-Verlag, Berlin, 2017. Invariant Theory
and Algebraic Transformation Groups, VII.
[GS19] Neena Gupta and Sourav Sen, On double Danielewski surfaces and the cancellation
problem, J. Algebra 533 (2019), 25–43.
[SY02] Vladimir Shpilrain and Jie-Tai Yu, Affine varieties with equivalent cylinders, J. Algebra
251 (2002), no. 1, 295–307.
Institut de Mathe´matiques de Bourgogne, UMR 5584 CNRS, Universite´ Bourgogne
Franche-Comte´, F-21000 Dijon, France
E-mail address: lucy.moser-jauslin@u-bourgogne.fr
Universita¨t Basel, Departement Mathematik und Informatik, Spiegelgasse 1, CH–
4051 Basel, Switzerland
E-mail address: pierre-marie.poloni@unibas.ch
